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1 Introduction 

For a holomorphic line bundle L on a compact complex manifold X of di- 
mension n, one defines the volume of L as 

v{L) := limsup -r^h°{X, kL). 

fc— >+00 

Then L is big, i.e. it has maximal Kodaira-Iitaka dimension L) = n, 
exactly when v{L) > 0. If L is an ample line bundle, the combination of 
Serre's vanishing theorem and the asymptotic Riemann-Roch formula shows 
that v{L) = L", where L" is the n-fold intersection number ci(L)". When 
L is merely a nef (numerically effective) line bundle and X is Kahler, one can 
show using Demailly's Morse inequalities that h'^{X,kL) = o{k^) for q > 0, 
so that the Riemann-Roch formula again yields v{L) = L" in that case. 
Recall now that a line bundle L is said to have an algebraic Zariski decompo- 
sition if there exists two Q-line bundles and E, which are nef and effective 
respectively, such that 
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(i) L — N + E as Q-line bundles. 

(ii) H^{X, kL) = H^{X, kN) for every positive integer k clearing up the 
denominator of N . 

Then one of course has v{L) = v{N) = iV", so that the knowledge of the 
nef part enables one to compute the volume of L. On a surface, such a 
decomposition exists, but this is no longer true in general, even if one allows 
X to be blown up; however the following result, due to T.Fujita ([Fu94], 
cf. also [DELOO]), shows that in some sense it is still true asymptotically. 

Theorem 1.1 (Approximate Zciriski decomposition) Let L be a big line 
bundle on the projective manifold X. Then for every e there exists a finite 
sequence of blowing-ups with smooth centers fi : X ^ X and two Q-line 
bundles A and E on X which are ample and effective respectively (the data 
depends on e) such that: 

(i) L — A-\- E as Q-line bundles. 

(ii) v{A) < v{L) < v{A)+e 

One would like to say that in general an algebraic Zariski decomposition of 
L could be obtained by letting e tend to zero in the above theorem, which 
cannot be done in an algebraic context. Our first endeavour is to translate 

the theorem of Fujita into the language of singular Hermitian metrics on L 
(here the main tool is the Calabi-Yau theorem), so as to get in the limit a 
"most homogeneous" metric on L with respect to the volume. More precisely, 
we prove the following: 

Theorem 1.2 Let L be a pseudoeffective line bundle on a compact Kdhler 
m,anifold X . Then: 

(i) v{L) = supj. JxT^cf^''^'^ ranging among the closed positive (1, l)-currents 
in the cohomology class ci{L). 

(ii) Given a Kdhler form u on X . normalized so that /x^" = 1; there exists 
a closed positive (1, l)-current T e Ci(L) such that T^[x) = v{L)uj^[x) for 
almost every x & X. 

Recall that a line bundle L is said to be pseudoeffective if it can be equipped 
with a singular Hermitian metric h with positive curvature current Qh{L), 
or equivalently if the (de Rham) cohomology class Ci(L) contains a closed 
positive (1, l)-current T. Tac is then the absolutely continuous part of T in 
its Lebesgue decomposition T — Tac + Tgg. Tac is considered as a (1, l)-form 
with Ljg^ coefficients, so that the product is meant pointwise. 

In particular. Theorem 1.2 shows that the volume v{L) of L only depends 
on the first Chern class Ci(L). It therefore seems natural to introduce the 
following 
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Definition 1.3 Let a be a pseudoeffective (1, l)-cohomology class on X com- 
pact Kdhler. Then one defines its volume by 




for T ranging over the closed positive (1, 1)- currents in a. 

We show that the volume v{a) is always finite, that it is continuous on the 
whole pseudoefi^ective cone and that Theorem 1.2 still holds in this more 
general context. Furthermore, we give the corresponding version of Fujita's 
theorem: 

Theorem 1.4 Let X he a com,pact Kdhler manifold, and let a be a, pseudo- 
effective (1, l)-cohomology class on X with v{a) > 0. Then for every e > 
there exists a finite sequence of blowing-ups with smooth centers /i : X ^ X, 
a Kdhler class cu and an effective real divisor D on X such that 
{i) fi*a = uj + D as cohomology classes, 
(ii) v{uj) = a;" < v{a) < v{uj) + e 

In particular, a pseudoeffective class with positive volume is big, in the sense 
that it contains a Kahler current (cf. definitions below). 



2 Preliminary tools. 

2.1 Currents with analytic singularities 

In this section, X denotes a complex n-dimensional manifold. Recall first 

that 

(i) A closed real (1, l)-current T on X is said to be almost positive if some 
continuous real (1, l)-form 7 can be found such that T" > 7, and that a func- 
tion (f in Ljg^{X) is almost plurisubharmonic (psh for short) if its Hessian 
dd'^ip is an almost positive current (here dd'^ — -dd). This latter property is 
equivalent to the fact that can locally be written as a sum of a plurisub- 
harmonic function and a smooth one. 

(ii) A closed (1, l)-current T is called a Kahler current if one has T > a; for 
some Hermitian form u on X. For example, a line bundle L on X complex 
compact is big if and only if it admits a curvature current which is Kahler. 
That the condition is sufficient is a consequence of a result of Bonavero 
[Bon93] which will be stated below (cf . also [JS93] , or [Dem96] for the easier 
case where X is Kahler). In the other direction, choose k such that H^{X, kL) 
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generates 1-jets generically, and fix some smooth metric h^o on L. Then the 
metric h :— /iooC"^''' has Kahlcr curvature current if one takes 
'■P ■~ Ik Wjlhao) f*^^ some basis (aj) of H^{X, kL). But the fact that this 

metric is obtained algebraically has a nice consequence on the singularities 
of h. In fact, it has algebraic singularities in the following sense: 

Definition 2.1 (i) Given a coherent ideal sheaf I and c > 0, we say that 
a function has singularities of type (X, c) if it can locally be written as 
(f — f log(X) l/iP) + ^ for some local generators (fj) of X and some smooth 
function 6. 

(ii) We say that (f has analytic (resp. algebraic) singularities if it has sin- 
gularities of type (X, c) for some ideal sheaf I and some real (resp. rational) 
c> 0. 

A function with analytic singularities is automatically almost psh, and we can 
use the same terminology about the singularities of a closed almost positive 
current by looking at its local potentials. One can translate algebraic data 
into potential theoretic ones by means of the 

Proposition 2.2 Given c > and a coherent ideal sheaf I, there exists an 
almost psh function (p on X with singularities of type {I, c) . 

The proof consists merely in gluing together by means of a partition of unity 
functions of the type ^log{J2j\9j\'^): where the gj are local generators of 
I. To do this, cover X by a finite number of open sets Uk such that I is 
generated by fkj, j = l,...,Nk on Uk- Then take 6k smooth, positive, with 
support in Uk, and such that J2k^k — 1- Then one sets ip = f log(X);j 
with ifk = log(Ej l/fcjf)- 

Let us stress that the data (X, c) is not uniquely determined for a function (p 
with analytic singularities (for instance X can always be replaced by its inte- 
gral closure). We have the following obvious functorial property of functions 
with analytic singularities: 

Proposition 2.3 Let f : X be a holomorphic map between complex 
manifolds, and let ip have singularities of type (X, c) . Then f*(f has singu- 
larities of type (/~^X, c). 

Corollary 2.4 (Resolution of singularities) Given (p> with singularities 

described by (X, c) on X compact complex, there exists a finite sequence of 
blowing-ups fi : X ^ X such that ii*(p has singularities along a divisor of X 
with normal crossings. 
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This follows by first blowing up X along I and then applying Hironaka's 
resolution of singularities. 

Now recall Siu's decomposition formula: given a closed almost positive cur- 
rent T of bi dimension (p, p) , one can write 

j 

where the Aj are irreducible p-dimensional analytic subsets, 
Uj = min^g^. i/(T, x) is the generic Lelong number of T along Aj, and i? is a 
closed almost positive (1, l)-current such that dim Ec{R) < p for every c > 
{Ec{R) = {x E XjU^RjX) > c} is the Lelong sublevel set, which is analytic 
by a well known result of Y.T.Siu.) Then we claim the following 

Proposition 2.5 For a closed (1, l)-current with singularities of type {I, c), 

the Siu decomposition coincides with the Lebesgue decomposition, i.e. T^c = R 
and Tsg = J2j [Aj] ■ Furthermore, Tgg is a finite sum which corresponds to 
the divisorial part ofV{X). 

Indeed, working locally, suppose that </? = |log(|/ip + ... + I/at^), and let 
g be the g.c.d. of the /^'s. Then dd'^ip = D + R where D — dd'^log \g\ is 
the integration current along the divisor {g = 0} (by the Poincare-Lelong 
formula) and R = irfrf'^ log(|(7ip + ... + IfifArp), thus it suffices to show that R 
is absolutely continuous. But it is even smooth outside the set A of common 
zeroes of the g/s, and carries no mass on A since codimA > 2 by construction, 
thus it has Lj^^ coefficients. 

Note that as a consequence Tac and Tsg are closed for T with analytic singu- 
larities, which is not true in general. 

Now in general one has the following result due to Demailly [Dem92]: 

Theorem 2.6 (Approximation with algebraic singulcirities) Let T be 

a closed almost positive (1, l)-current on X compact complex equipped with 
some Hermitian form uo. Write T = a + dd'^ip for a smooth and ip almost 
psh, and suppose also given some continuous real form 7 such that T > 7. 
Then there exists a sequence ipk of almost psh functions such that: 

(i) (fik has algebraic singularities. 

(ii) (pk decreases to (p everywhere. 

(iii) The Lelong numbers ^{(fikjx) converge to v{ip,x) uniformly with respect 
to X. 

{iv) Setting T^ = a + dd'^ipk, one has > 7 — e^o; for some sequence 
decreasing to 0. 
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For our concerns, we need a slight improvement of this result, in order to 
take care of the absolutely continuous parts in the convergence. 



Corollary 2.7 In the above proposition, we can also impose 
(v) Tk^ac Tac almost everywhere. 



Proof: We appeal to a different approximation result [Dem82] taking care of 
the absolutely continuous parts (it is essentially a convolution): there exists 
a sequence -0^ of smooth functions on X such that, setting Sj — a-\- dd'^ipj, 
we have: 

(a) ijjj decreases to (p everywhere. 

(6) Sj > •y — CXjUJ for some C > and continuous functions \j decreasing 

pointwise to the Lelong number, 

(c) Sj{x) — > Tac{x) almost everywhere. 

What we will do is glue the two sequences and ■0^ in the following 
fashion: denote by Ak the polar set of ipk and choose an arbitrary sequence Ck 
of positive reals increasing to +oo, and a sequence of rationals 5k decreasing 
to 0. Now observe that Uk '■= {^k < — (C'fe + l)/^*;} is an open neighbourhood 
of Ak such that we have < (1 — 8k)^k — Ck — 1/2 on Uk-, so that 



Thus (a) and the continuity of ipj show that for jk big enough, we have 
ipj^ < (1 — — Cfc — 1/2 on Uk- Now we select a smaller open neighbour- 
hood Wk CC Uk of Aki and we set: 



with max^(x, denoting a regularized maximum function. 

If 77 is chosen so small that max^(x, y) = x when y < x — 1/2 then the 

two parts to be glued coincide on some neighbourhood of dWk, so that 6k is 

almost plurisubharmonic with algebraic singularities on X. 

The gluing property of plurisubharmonic functions shows that a + dd^Ok will 

have a lower bound going to for /c — > +00 if we can show that this is the 

case for a + dd'^ipj^ on X — Wk- But we have ^{ipki x) — Q for x in this set, 

thus {Hi) and (6) together give the result. 

Now we have to see that (a + dd'^9k)ac{x) Tac{x) almost everywhere. 
To do this, notice that if (p{x) > —00, then x cannot be in Uk for k big 
enough, since otherwise (fk{x) < —{Ck + 1) for k big enough, which would 
yield (p{x) — —00 by {ii). Furthermore we have 



^ ^ < {^ ~ Sk)<Pk — Ck — 1/2 on the compact Uk- 




(1 - Sk)M^) -Ck< ^{x) - 1/2 < tij, - 1/2 
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for k big enough (since — > +00) and j arbitrary (by (a)), thus in particular 
for j = jfc. Continuity then gives {1 — 6k)(pk — Ck < i^jk ~ 1/2 on some 
neighbourhood of x (depending on k) contained in X — W^, so that 6^ = ipj^ 
on this neighbourhood. Thus for every x outside the polar set of (which 
has measure 0) we have (a + ddf'6k){x) = Sji^{x) for k big enough, and the 
result follows by (c) . 

To conclude this section, let us illustrate the above ideas by reproducing 
the following result from [DPOl]: 

Proposition 2.8 A compact complex manifold X is in the Fujiki class C if, 
and only if it carries a Kdhler current. 

Recall that X is said to be in the Fujiki class C if it can be modified into a 
Kahler manifold. Since the push-forward of a Kahler form by a modification 
is a Kahler current, one direction is clear. Assume now that the compact 
complex manifold X carries a Kahler current T > uj for some Hermitian 
form UJ. Using the above approximation result, one can assume that T has 
analytic singularities. By corollary 2.4, we get a finite sequence of blowing- 
ups ^ : X X such that /i*T decomposes into a sum « + D, with a a 
smooth form and D a real effective divisor. Then a > fi*uj is semi-positive, 
but not definite positive everywhere a priori. Here one uses the following 

Lemma 2.9 Let f : X ^ Y be the blow-up of Y along a submanifold V, 
let UJ be a Hermitian form on X and let E denote the exceptional divisor of 
f. Then there exists a smooth closed form u cohomologous to E such that 
^*uj — eu is definite positive everywhere for £ > small enough. 

To see this, recall that Oe{—E) is isomorphic to Op(Ar^^y)(l) on P{Nv/y) — 
E, hence is relatively ample over V, so that if we choose some smooth form 
(3 on X cohomologous to [E], there exists a smooth function ip on E such 
that —{f3\E + dd'^ip) is definite positive along the fibers oi E ^ V . Now we 
extend ip smoothly to the whole of X, and set m := /? -|- dd'^ip. If we replace 
Lf hj if — Cd{x, E) for C ^ 0, we can even arrange so that —u be positive 
definite on Ne/x- Now we note that is semi-positive everywhere and 
strictly positive on the "horizontal" directions of — > y, so that — eu 
will be positive definite on a neighbourhood E for e > small enough. There 
remains to choose £ > even smaller to ensure that ii*uj — eu be positive 
outside this neighbourhood, which can be done because ^*uj has a uniform 
strictly positive lower bound there. 

A repeated application of this lemma will therefore yield a smooth closed 
form V cohomologous to an effective linear combination with small coefficients 
of the exceptional divisors of 11 such that a — v is definite positive, hence a 
Kahler form, for £ > small enough. 
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2.2 Boundedness of the mass. 



Here we are interested in the control of JxT^c ^ closed positive (1, 1)- 
current. It is by no means clear that such an integral is convergent in general, 
and we show that things go well in the Kahler case. 

Lemma 2.10 Let T be any closed positive (1, l)-current on X compact com- 
plex. Then the Lelong numbers z/(T, x) of T can be bounded by a constant 
depending only on the dd^-cohomology class ofT. 

Indeed for lv a Gauduchon form on X (i.e. a Hermitian form with dd'^{uj"'~^) — 
0), one has by definition that i/(T, x) is (up to a constant depending on cu 
near x) the limit for r — > 0+ of 



known to be an increasing function of r. Thus if wc choose Tq small enough 
to ensure that each ball B{x,ro) is contained in a coordinate chart, we get 
i/(T, x) < i/(T, X, To) < C JxT A a quantity depending only on the dd'^ 

cohomology class {T}. 

Lemma 2.11 (Uniform boundedness of the mass)) Let T be a closed 

positive (1, 1) -current on {X,lj) compact Kahler. Then the integrals Jx'^ac^ 
^jn-k gj,g finite for each k — 0, ...,n and can be bounded in terms of cu and 
the cohomology class ofT only. 

Proof: By [Dem82], there exists a sequence Tj of smooth (1, l)-forms in the 
same class as T and a constant C > depending only on {X, lo) such that: 
(i) Tj —>■ T weakly, 

(a) Tj{x) Tac{x) almost everywhere, and 

(Hi) Tj > —CXjUj for some continuous functions \j such that \j{x) decreases 
to z/(T, x) when j — > +oo, for every x. 

By using the preceding lemma, one can thus find a constant also denoted 
by C and depending on uj and the cohomology class {T} only such that 
Tj + > 0. But now 



does not depend on j, so the result follows by Fatou's lemma. 

Here, even though the approximation result of Demailly does not need 
the Kahler assumption, the argument definitely fails in its last part without 
it. However it still holds true if dimX < 2, as one sees in the above proof. 





n—k 



{T + Cujf{uj} 
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3 Volume of a line bundle 



3.1 A Morse- type inequality 

In this part, we will prove the following: 

Proposition 3.1 For L pseudoeffective onX compact Kdhler andT e ci(L) 
positive one has: 

v(L)>jjZ 

In order to get this, we will appeal to the singular holomorphic Morse in- 
equalities, but to state this result we first need some terminology, 
(i) The Nadel multiplier ideal sheaf T{T) of an almost positive closed (1, 1)- 
current T is defined as the sheaf of germs of holomorphic functions / such that 
U|2g-2(/3 is locally integrable, for some (hence any) ip G L]^^ such T — dd'^(p 
locally. This sheaf is coherent, as is well known (cf. e.g. [Dem96]). 
(a) The g-index set of an almost positive closed (1, l)-current T is the set 
oi X E X such that the absolutely continuous part Tac of T has exactly q 
negative eigenvalues at x. This set is denoted by X{T, q), and we also write 
X{T, < q) for the union of the X(T, j)'s for j = 0, ...q. These sets are only 
defined up to a null measure set, but since we shall only integrate absolutely 
continuous forms on them, it is not really annoying here. 

Now we can state the following result, due to Bonavero [Bon93]: 

Theorem 3.2 (Singular Morse inequalities) Let L be any holomorphic 
line bundle on the compact complex n-dimensional manifold X, and T e 
ci(L) be some closed {l,l)-current with algebraic singularities. Then the 
following holds: 

h\X,OikL)®XikT)) - hUX,0(kL)®I(kT)) > — / T" - o(k") 

n\ Jx(T,<i) 

for k — > +00. 
Since one has 

h^{X,0{kL)) > h^{X,0{kL)®X{kT)) 
> h°{X, 0{kL) ® I{kT)) - h\X, 0{kL) ® I{kT)) 
Theorem 3.2 implies: 

CoroUciry 3.3 For any line bundle L on the compact complex X , one has 

v{L) > I 

Jx{T,<l) °^ 

for every T e Ci(L) with algebraic singularities. 
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We can now conclude the proof of Proposition 3.1. In fact, we choose a 
sequence of currents with algebraic singularities as in Corollary 2.7 (here 
7 = 0), and we denote by Ai < ... < A„ (resp. A^^ < ... < A^'^)) the 
eigenvalues of Ta,- (rcsp. Tk,ac) with respect to uj. We have by assumption 
that Ai > 0, A^'''' > —Sk and Xj'^x) Aj(,t) almost everywhere. We can 
certainly assume that JxT^c > 0' which means that the set A := {Ai > 0} 
has positive measure. For each small 5 > 0, Egoroff 's lemma gives us some 
Bs C A such that A^*^^ — > Ai uniformly on Bs and also A — Bg has measure less 
than d. Thus we see that Bs C X{Tk, 0) for k big enough, and consequently 
hmsup/;^(^^ o)T^^^^ > /B,liminfTfc^„^ = Jb.T^c^ using Fatou's lemma. Let- 
ting now 6 tend to 0, we get 

hmsup / r;„,> [ t^^ j T:,. 

Since by Corollary 3.3 above we have Jx(T„fl) Tk,ac < ^(^) - Ix{n,i) T^ac 

every the proof of the inequality will be over if we can show that 

~ /x(Tfc,i) Tk,ac ~^ 0- But we observe the following inequalities on X{Tk, 1): 

from which we get 

< - / T,\, <nekl {n,ac + 

Jxin,!) ' Jx 

Now the last integral is bounded uniformly in terms of {T} and u only by 
the "boundedness of the mass" (Lemma 2.11), which ends the proof. 

It is worth noting that the Kahler assumption is needed precisely for this 
last lemma. Consequently, Proposition 3.1 is also true on any surface. 



3.2 The theorem of Calabi-Yau. 

We fix a Kahler form uj with J-^uj" — 1. We seek a positive T in Ci(L) such 
that T"^ > v{L)uj" (t^t). If this is done, the proof of Theorem 1.2 is over, since 
the fact that JxT^c — Ix'^i^)^"' (by Proposition 3.1) implies that (^) is an 
equality a.e. First let us recall the fundamental result proved in [Yau78]: 

Theorem 3.4 (Aubin-Calabi-Yau) Let {X, u) be a compact Kahler man- 
ifold, and assume that uj'"' = 1. Then given a Kahler cohomology class a, 
there exists a Kahler form a E a such that 




pointwise. 
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We now appeal to Pujita's Theorem 1.1, and use the notations in it. Notice 
first that if our L is not big, we will have = v{L) > JxT^c > for every 
positive T G Ci(L) because of what we have already seen, so that any such 
T would do. We thus assume that L is big, which implies automatically the 
projectivity of X since the latter will be Kahler and Moishczon at the same 
time. 

Now we choose any Kahlcr form Us on X^, and apply the Calabi-Yau theorem 
to with respect to the Kahlcr form fi*uj + 6uj^, normalized adequately, and 
we get a Kahler form a^^s ^ Cii^e) such that 



Now consider 



This is a positive current lying in ci (L) , and so standard compactness prop- 
erties of currents show that for each e there exists some sequence Skis) de- 
creasing to such that T^^s^ converges to some positive G Ci(L). For the 
same reason there exists a sequence Sk decreasing to such that T^^. converges 
to some positive T G ci(L). We will show that this T satisfies T^^ > v{L)uj'^ 
almost everywhere, which will conclude the proof. This will be handled by 
the following semicontinuity property: 

Lemma 3.5 LetTk be a sequence of positive (1, l)-currents converging weakly 
to T. Then one has T^^ > limsupT^^ a.e. 

Proof: We fix a a; a Hermitian form, and for a a positive (1, l)-form we 
denote by det(Q;) the determinant of a with respect to cu, that is det(Q!) = 
OL^ jio^. Since the result is local, we may consider a regularizing sequence 
(pj). The concavity of the function A det(A)^/"' on the convex cone 
of Hermitian semi-positive matrices of size n then yields the second of the 
following inequalities 

det(rfe*p,)V- > det(rfe,„,*p,)V" > det(rfc,„e)'/"*P,-. 

Since convolution transforms a weak convergence into a C°° one, Fatou's 
lemma therefore implies: 

det(T^p,)i/" > (liminf det(Tfc,„e)'/")*Pi. 
Now Lebesgue's theorem imphes that T -k pj — > Tac a.e., thus we get 

det(T„,)^/'^ > liminf det(rfc,„,)^/^ 
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. We can eventually turn the lim inf into a lim sup by choosing subsequences 
pointwise. 

Remark: this type of arguments (Calabi-Yau+convolution and concavity) 
can already be found in [Dem93]. 

4 Volume of a pseudo effective class. 

4.1 General properties. 

In this section, X is a compact Kahler manifold unless otherwise specified. We 
propose to extend some results related to the volume of a line bundle, that 
is to say of an entire (or even rational) pseudoeffective class, to the more 
general case of an arbitrary pseudoeffective (1, l)-class a. Note that the 
volume v{a) of a, as defined in the introduction, is always finite by Lemma 
2.11 (boundedness of the mass). 
First of all, let us state the following 

Proposition 4.1 If f : X ^ Y is a generically finite holomorphic map 
between compact Kahler manifolds and a {resp. b ) is a pseudoeffective (1, 1)- 
class onX {resp. Y), then one hasv{fi,a) > v{a) {resp. v{f*b) = {degf)v{b)). 

This is consequence of the following easy facts: 

Lemma 4.2 Let f be as above. Then the following properties hold: 

(i) If a is a form with Lj^^ coefficients on X, then f-^a (taken pointwise) is Lj^^ 
on Y (this only requires f to be proper and surjective), and fi,{oi^) — (/*ci;)*^ 
(taken pointwise) whenever is also L]^^, 

{a) If uj is an integrable top degree form on X {resp. on Y), then fy f*'^ — 
fx ^ {resp. fx f*uj = (deg /) fy uj), 

{Hi) IfT is a positive (1, l)-current on X {resp. on Y), then {fi,T)ac — f-k{Tac) 
a.e. {resp. {f*T)ac = f*{Tac) a-e.) where f^{Tac) {resp. f*{Tac)) are meant 
pointwise. 

We have already seen that for a nef fine bundle L one has v{L) — L". This 
remains true for an arbitrary nef class: 

Proposition 4.3 Let a be a nef class on X. Then one has 



The proof is in two steps. First we give the following more precise nef version 
of the boundedness-of-the-mass lemma, due to Mourougane [Mou98] : 
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Lemma 4.4 Given a nef class a on the Kdhler manifold {X,u!) (or any 
compact complex surface), one has for every positive T & a the following 
inequalities: 



for k — 0, n. 

For the proof, we write as before T = a + dd'^ip with a smooth in a, and 
consider a smooth sequence Tj = a + dd'^ipj in a such that 

(i) ipj decreases to </?, 

(ii) Tj > —CXjUJ for C > and \j continuous decreasing to the Lelong 
number, 

iiii) (Tj){x) Tac{x) almost everywhere. 

Since a is nef, we also have by definition a sequence of smooth forms ak = 
a + dd'^ipk such that ak > —SkCU for a sequence Ek decreasing to 0. We will 
again glue these two sequences together to get a smooth sequence in a with 
small negative part and a good behaviour with respect to the absolutely 
continuous part, and then the same argument as for the boundedness of the 
mass will allow us to conclude. 

In fact, we take a sequence of positive reals Ck converging to +oo, and 
we set 9k,j max^((^fc — Ck, ipj)- We will show that for each k we can choose 
jk big enough so that 9k := 6k,jf, has a Hessian admitting a lower bound 
going to 0. By (ii), it is enough to show that given 6 > and k, we have 
ipj < ipk — {Ck + 1) near Es{T) for j big enough. But since if has poles on 
the compact set Es{T), it is just a consequence of (i) and the continuity of 



As a consequence of this lemma, we get of course that v{a) < fx a" 
for a nef. To get the converse inequality, we will prove the following result 
analogous to Theorem 1.2: 

Proposition 4.5 (Calabi-Yau, nef case) Given a Kdhler form u with 
JxUJ^ — 1, there exists a positive T & a such that 



almost everywhere. 

This is of course a consequence of the Calabi-Yau theorem as follows: for 
every e > there exists a Kahler form & a + euj such that 




,n—k 
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pointwise. Since the mass Jx Oie A o;""^ = {a + £a;}{a;}"'~^ is bounded, there 
exists some weak hmit T e a of a.^. Then Lemma 3.5 yields T"^ > (/^ 
By the reverse inequahty proven above, this is enough to conclude. 

4.2 A degenerate Calabi-Yau theorem. 

In this section, we prove the following more general version of Theorem 1.2: 

Theorem 4.6 (Calabi-Yau, pseudoeffective case) //a is a pseudoeff'ec- 
tive class anduj a Kdhler form with Jx^^^ — 1? then there is a positive T & a 
such that 

almost everywhere. 

Proof: choose a positive T E a with Jx T^c close to v{a), and then a sequence 
E a with analytic singularities such that > —ecv and T^^ac Tac 
almost everywhere. Let then /j,^ : — > X be a modification such that /x*Te 
decomposes as a sum + with smooth and a real effective divisor. 
Then + s^J'*e^ defines a nef class on X^, so by the nef case of Calabi-Yau, 
if we select an arbitrary Kahler form uj^ on and 5 > 0, there is a positive 
T^^s cohomologuous to + eii*uj such that 

almost everywhere. Now we look at the current 

•S'e,^ := l^sA'^e,S + -De) 

on X. Its cohomology class is a + so;, so after extracting sequences decreasing 
to for 5, £ in that order we get some current 

5" = lim lim s 

in the class a. Since /i^ is a local isomorphism almost everywhere, we have 

- vintoo + 5u,) + ^^'^^""'^ 
almost everywhere, and Lemma 3.5 therefore implies: 
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The inner limit is greater than fx by Fatou's lemma. Now we let fx T^c 

tend to v{a), and choose S^o some accumulation point of the currents 5" 
obtained above, so that eventually we obtain > f (a)cj". By definition 

of v{a), this inequality is in fact an equality (almost everywhere), which 
concludes the proof. 

Let us summarize now some properties of the volume: 

Proposition 4.7 The function a v{a) defined on the pseudoeff'ective cone 
is homogeneous of degree n, it satisfies v{a + h) > v{a) + v{h) and it is 
continuous. Furthermore its restriction to the nef cone satisfies v{a) = a". 

Homogeneity and super additivity being trivial, only the continuity needs a 
proof. But a consequence of the previous proof is the second of the inequal- 
ities v{a) < lims^ov{a + euj) < v{a), which easily implies the result. 

4.3 The Grauert-Riemenschneider criterion. 

We have seen in the first section that for a pseudoeffective line bundle L 
on a compact Kahler manifold, the existence of a positive curvature cur- 
rent T in ci (L) with fx T^c > implies that L is big. This is a Grauert- 
Riemenschneider- type criterion for bigness, which we would like to extend to 
any (i.e. not necessarily rational) pseudoeffective class. As a matter of fact, 
let us say that a (dd'^)-cohomology (1, l)-class is big if it contains a Kahler 
current. Then we prove the 

Theorem 4.8 (Grauert-Riemenschneider criterion, Kahler case) If a 

is a pseudoeffective (1, l)-class on the compact Kahler manifold X, then a is 
big if, and only if, v{a) > 0. 

This has been proven for a nef class by Demailly and Paun [DPOl] as an 
essential step for their Nakai-Moishezon criterion for Kahler classes. Namely, 
they proved the 

Lemma 4.9 // a is a nef class X with fx > 0; then for every irreducible 
analytic subset Y of X of codimension p, there is some 5 > such that 
> S[Y], with > meaning "more pseudoeffective than". 

Once this is proven, the following quite tricky argument also due to [DPOl] 

enables us to conclude. 

Denote by pi, p2 the two projections X := X x X ^ X , and by A the 
diagonal. If a is nef on X, then a — p\a + pg"^ is nef on X, and it is easy to 
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see that a^" = {Jx a")^ > 0, so that by the above proposition one has 
for some 5 > 0: a" > 5[A]. 

But then for u a Kahler form on X we get: pi_+(a"^ Apg^) > 5pi^*([A] Apg*^). 
The first term in the inequahty is easily seen to be n{Jx a"~^ A u)a, whereas 
the second is dut, whence we eventuaUy get a > {6 / {n fx a""'^ A which 
is the expected conclusion. 

What we plan to do is to apply the above strategy to the "nef parts" 
of "approximate Zariski decompositions" of a. More concretely, reasoning as 
above, we can choose a sequence G a of currents with analytic singularities 
such that Tk > —SkUJ and also that v{Tk,ac + £ki^) is bounded away from zero. 
Then we consider finite sequences of blowing-ups '■ X such that 

/i^Tk — 0(k + Dk with CKfe smooth and Dk a real effective divisor. Then the 
class bk := {ofc + EkfJ^^uj} is ncf and has volume bounded away from zero. 
Denote by Xk the product Xk x Xk, by pi and p2 the two projections, and 
Afc the diagonal. Consider moreover the class bk '■= p\bk +P2^fc. Then bk is 
nef, and has volume v(bk) = (^'^'^{bkY' uniformly bounded away from zero. 
We claim the following 

Lemma 4.10 There exists 5 > such that b^ > d[Ak] for every k. 

Assuming for the moment that the lemma holds true, choose by means of 
Lemma 2.9 a sequence of smooth forms Uk cohomologous to an effective linear 
combination Ek of exceptional divisors of /U^uch that Uk '■= fik^ — rjkUk is a 
Kahler form for every k. Then Lemma 4.10 implies that Pi^-k{bk /\p2^k) ^ 
Pi_*(5[Afc] A P2^k) on Xk- But the left hand side is n{fx^. b^^^ A uJk)bk < 
n{Jx^ bk~^ f\ijJk)lJ^{ci-\- ^k^) and the right hand side is Sujk-, thus pushing this 
forward by //fe, we eventually get 

^( / bl'^ ^uJk){a + EkUj) > 5uj 

on X. It remains to notice that 

/ bl-'^uJk = {bkr-\^ilu^-[Ek]} 

< j bl'^Afilu;^ j {iik,*ak + £kUjT~^ Aco 

(the inequality holds for hk is nef); now the class {iik,i^OLk -\-ekOj} is bounded, 
thus we have a uniform bound for the integrals fx^ ^k~^ ^ ^k, and this is 
enough to conclude. 

It remains to prove the above lemma. To do this we use the following results 
fi-om [DPOl]: 
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Lemma 4.11 (Concentration of the mass) Given a Kdhler form u on 

X and Y an analytic subset, there exists an almost plurisuhharmonic function 
if on X and a sequence ip^ of smooth functions decreasing pointwise to (p such 
that if we set uo^ := + dd'^ip^ then: 

(i) tp has analytic singularities along Y , 

(ii) > 

(Hi) For any smooth point x & Y at which Y is p-codimensional and every 
neighbourhood U of x, there exists 5u > Q such that fu^y^ OJ^ A o;""^ > 5u for 
every e, ifV^ = {ip< logs}. 

Lemma 4.12 Let (X, cj) he compact Kdhler. Given an analytic subset Y, a 
function (p and a family of closed smooth forms cohomologous to oj such 
that {i), {ii) and {iii) in the above lemma hold, then for each nef class a on 
X such that v{a) > 0, there exists T & dF a closed positive current with 



where rj = Cv{a)S^/Mv{u!) > with C a universal constant, M = /x a" ^ A 
and S := 5jj. 

The proof of 4.12 goes as follows: for each e > 0, there exists by the Calabi- 
Yau theorem a smooth Kahler form in the class a-\- euj such that 



Denote by < ... < the eigenvalues of with respect to uOe- Then we 



thus in particular the set := {^p+i---^n — ^e/v} has /^^ tu" < r] ioi r] > 
small enough. Now (a) and (6) yield 





By (c), we get 
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> 



v{a + ecu) 




v{uj) 



Observe that 



unVe-E, 



'V 



JunVs 



n-p 




The first integral is greater than 5 by assumption {in), and since 

ujP A c;"^"^ < 2"~Pci;" by (ii), the second integral will be less than 2"'~Pr]. 

Combining all this yields in the end 



Now we take 77 := 5/2" ^'^-^ and we choose T some accumulation point of af . 
Then T is a closed positive current in the cohomology class such that 



which concludes the proof. 

We now denote by fik : X the product map Hk x fJ^k, aiid wc select 

on each X^ some Kahler form a;^. First we apply Lemma 4.11 to y = A in 
X and some neighbourhood U of some point x G A chosen to be a regular 
value of yUfc for each k, so that we get (p, cj^ and S = Su as in the lemma. 
Then we consider for every p > the Kahler forms Uk^e '■= Jj*k^e + p^^k and 
ujk '■= fj'k'^ + P'^k and the function ipk := Jll(p on Xk- Then (i), (ii) and (Hi) 
still hold true, so that by Lemma 4.12 we get a closed positive e 6^ such 
that 



with Uk :=_//jfc^C/, Yfe := /i^. V and rjk = Cv{hk)5'^ /Mkv{ujk) for 

Mfe = Sxi^^k ^ ^^i^ '^^^ depending on p, so we can now let p tend 

to zero {k is fixed) so as to get some accumulation point of the {Tk{p))p 

with 



forr^fc = Cv{bk)6'^/Mkv{flluj) and = 6^A/2^a;". Now Mfc andv(/i^a;) = 



f (cj) are certainly under uniform control, thus so is rjk, and the above equality 
compels Qk to have positive mass bounded away from zero on A^, since any 
other irreducible component of is exceptional with respect to p,k- Since 
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has bidimension {n, n) and is n-dimensional, Siu's decomposition formula 
then shows that 0^ > r^fA^] for some uniform r), which at last concludes the 
proof. 

Let us now state some immediate corollaries of this bigness criterion: 

Proposition 4.13 Let f : X ^ Y be a generically finite holomorphic map 
between compact Kdhler manifolds, and a, b be (1, l)-cohomology classes on 
X and Y respectively. Then one has: 

(i) a big implies f^,a big, 

(ii) b big implies f*b big. 

The first point stems from the fact that pushing forward a Kahler current 
yields a Kahler current; as to the second, it is a consequence of Proposition 
4.1 and the Grauert-Riemenschneider criterion. 

Proposition 4.14 If a is a pseudoeffective class with v{a) > 0, there exists 
a sequence E a of Kdhler currents with analytic singularities such that 
Ix Tk,ac ^v{a) as k^+oo. 

Indeed, choose a positive T E a with close to v{a), and Ti e a a Kahler 

current. Then for each e > small := eTi + (1 — e)T is a Kahler current 
in a with T^^ac = ^Ti^ac + (1 ~ £)Tac, thus fx T^ac ^e made as close to v{a) 
as desired. Now we can approach each by Kahler currents with analytic 
singularities such that the absolutely continuous parts converge a.e., and we 
conclude by Fatou's lemma. 

From the latter proposition, we deduce a general form of Fujita's theorem: 

Theorem 4.15 (Approximation of the volume) Let a be a pseudoeffec- 
tive (1, 1)- class on X compact Kdhler. Assume that the volume v{a) is posi- 
tive. Then for each e > small there exists a finite sequence of blowing-ups 
fi : X ^ X , a Kdhler class uj and a real effective divisor D on X such that: 
(i) n*a = LO + D 
{ii) v{u!) < v{a) < v{u!) + e 

If a is rational, cu and D can be taken to be rational. 

Remark: of course the rational case is the original result of Fujita. 
Proof of the theorem: select first T e a a, Kahler current with analytic 
singularities such that fxT^c > v{a) — e^as the proposition above allows; 
then take a resolution of singularities fi : X ^ X oi T, so that //*T — a-\- D 
with a smooth and D an effective divisor. If we denote by E the exceptional 
divisor of /j,, Lemma 2.9 implies that the class oi a — 6E is Kahler for each 
5 > small enough, thus the decomposition 
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fj,*a = (a - 5E) + {D + 5E) 

is the one sought after for 5 > small enough, since v{a — 5E) > J^a'^ — 
fx T^c- When a is rational, on can arrange for D to be rational by a slight 
perturbation which can be absorbed by a, and 5 can be taken rational as 
well, q.e.d. 

4.4 Miscellaneous 

4.4.1 The non-Kahler case 

Thanks to Lemma 4.2, the property of uniform boundedness of the mass is 
invariant under modifications, thus still holds true on any compact complex 
manifold in the Fujiki class C (a Fujiki manifold for short). As a consequence, 
all the results which are not an equality of Calabi-Yau type remain true when 
the Kahler assumption on X is replaced by: X is Fujiki. Since the presence 
of a big class on X forces it to be Fujiki by Proposition 2.8, we see for 
instance that the general form of Fujita's theorem (Theorem 4.15) is true 
on an arbitrary compact complex manifold if we assume a to be big instead 
of having positive volume. Nevertheless, it is tempting to think that the 
Grauert-Riemenschneider criterion holds true in general, which comes down 
to the following conjecture (cf. also [DPOl]): 

Conjecture: If a compact complex manifold X carries a closed positive 
(1, l)-current T with JxT^c > 0) then X is Fujiki. 

This conjecture is true for dimX = 2, as we will see. 

4.4.2 The case of a surface 

In this section, we assume that X is a compact complex surface. Consider 
T a closed positive (1, l)-current on X, and let T = D + R stand for its 
Siu decomposition. Then we claim that the dd'^-class {R} is nef, and is even 
Kahler when T is a Kahler current. This is in fact a straightforward conse- 
quence of a result of Paun given in [DPOl], which says that a pseudo effective 
class (resp. a big class) {T} is nef (resp. Kahler) if its restriction {T}|y is 
nef (resp. Kahler) for every irreducible analytic subset contained in some 
Lelong sublevel set Ec{T). We will however briefly recall the argument: let 
Rk be an approximation of R with analytic singularities as in Theorem 2.6. 
Then R^ will be smooth outside a finite subset, and we have Rk > —SkOJ 
(resp. Rk > Bu when i? is a Kahler current). Near each singular point of 
Rk, let us write Rk = dd'^ipk for some local potential (pk- Then we replace 
(pk by max^(93fc, — C^), with > big enough so that the gluing condition 
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is satisfied, and the new Rk thus obtained is smooth with Rk > —Skoo. In 
the second case where R^ > suj. we choose some local potential Lp^ near each 
singular point, and replace it by max^((/9fc, — Ck) with > big enough 
so that the gluing condition is satisfied, and wc get in this way a smooth i?^ 
with a strictly positive lower bound, i.e. a Kahler form. The above reasoning 
shows in particular that X is Fujiki iff it is Kahler. 

Now if wc assume that Jx T^c > O5 then since {R} is ncf we get by 
Lemma 4.4 {R}^ > fx — Ix'^ac > thus the intersection form on 
R) cannot be negative definite. Now this compels bi{X) to be even 
by classical results of Kodaira (cf. e.g. [Lam99]), and this in turn forces X 
to be Kahler by the main result of [Lam99] or [Buc99] . Therefore the above 
conjecture is true on a surface. In particular, whenever v{a) > for some 
pseudoeffective class a, we can choose T E a such that JxT^c — '^('^)) 
then we get v{a) > v{{R}) = {R}^ > jx'^ac = thus a and {R} have 
same volume. Let us summarize all this in the 

Proposition 4.16 Let X he a compact complex surface. Then for each pseu- 
doeffective class a on X , there exists a "Zariski decomposition" a = d + r 
where d is an infinite series of real effective divisors and r is a nef class with 
v{a) = r^. Furthermore, as soon as v{a) > 0, a is big and r can be taken to 
be a Kahler class. 

4.4.3 Behaviour of the volume in deformations 

In this last part we prove the following 

Proposition 4.17 The volume is upper- semicontinuous on Kahler deforma- 
tions in the following sense: if X ^ S is a proper submersive Kahler map 
and a is a pseudoeffective (1, l)-class on the central fibre Xq —: X, then one 
has 

v{a) > limsupi'(6) 

b—*a 

where b is a pseudoeffective (1, 1)- class on some fibre Xf. 

Proof: Upon shrinking the base S, we may assume that the deformation is 
topologically trivial, and that there exist Kahler metrics ujt on X^ depending 
smoothly on t; we normalize them so that Jx^ cu" = 1. Let then bk be a 
sequence of cohomology classes in H^{X, C) converging to a, and such that 
bk is a pseudoeffective (1, l)-class on X^^. for some sequence tk going to 0, 
and that v{bk) converges to the right hand side of our inequality. By the 
degenerate Calabi-Yau theorem, we can choose a closed positive (1, l)-current 
Tfe e bk on Xt^, such that T^^^^ — v(6fc)a;"^ almost everywhere. Since bk 
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converges, it is bounded, thus Tk is bounded in mass, and after extracting 
some subsequence, we may assume that converges to a closed positive 
Tea. Then we apply Lemma 3.5 to get in the limit T"^ > lim sup^^^j f 
which gives the expected result. 

As a consequence, we get the following "quantitative" version of a result 
of Huybrechts [HuyOl]: denote by Cx the connected component of the Kahler 
cone in the open cone {a G i/^'^(X, R), j-^ a" > 0}. Then we have: 

Proposition 4.18 If X is an irreducible symplectic (Kdhler) 2n- dimensional 
manifold, then v{a) > fx /'^^ 6*^^^ a G Cx- 

Indeed, we can choose a sequence of very general points tk converging to 
in the universal deformation space of X such that a is a limit of (1, 1)- 
classes on X^^.. By [HuyOl], the cone Cxt^ coincides with the Kahler cone 
of Xt^ because tk is very general, therefore is a Kahler class and we have 
v{ak) = fx^'k^ each k. The result then follows from Proposition 4.17. 

/ would like here to address my warmest thanks to my thesis advisor Jean- 
Pierre Demailly for his many suggestions and his interest in this work. 
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